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• G-CNNs
• The Homogeneous Space of Positions and 

Orientations
• PDE-G-CNNs
• The Logarithmic Approximation
• How good are the Approximations?
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G-CNNs
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Invariant Classification Network
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Equivariant Segmentation Network
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Group Equivariant Convolutional Neural Networks

• Introduced by Cohen and Welling in their 
homonymous paper from 2016.

• They create a classification network invariant under 
translations, mirror reflections, and quarter 
rotations.

• Their network “.. almost halves the error rate of the 
previous state of the art (2.28% vs 3.98% error)” 
when used on the RotNIST dataset.

• However, the data needed to be lifted to the higher 
dimensional space of positions and orientations.
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Lifting
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So why G-CNNs?

• Robustness.
• Better accuracy.
• Fewer parameters.
• Less data needed/no data augmentation needed.
• Reduced training time (measured in epochs at least).
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The Homogeneous Space of 
Positions and Orientations
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The Homogeneous Space of Positions and 
Orientations 𝕄𝒅

• Defined as 𝕄𝑑 = ℝ𝑑 × 𝑆𝑑−1 ⊆ ℝ𝑑 × ℝ𝑑

• The Lie group of translation and rotations 𝑆𝐸 𝑑 = ℝ𝑑 ⋊ 𝑆𝑂(𝑑) acts 
on it in the obvious way. We write the action with ⊳.

• In the two-dimensional case there is only 1 group element that maps 
some reference point 𝑝0 ∈ 𝕄2 onto any other point, i.e. 𝕄2=SE(2). 

• On 𝕄2 and 𝑆𝐸(2) we identify points with the triplet 𝑥, 𝑦, 𝜃 ∈ ℝ2 ×
ℝ/(2𝜋𝕫).

• We will be focusing on the two-dimensional case.
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Left-invariant Metric on the Space of Positions and 
Orientations
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• We introduce the following left-
invariant metric on 𝕄𝑑.

• This turns the space into a 
Riemannian manifold, and we define 
the distance between two points the 
standard way.

• The ratio between 𝑤𝑚 and 𝑤𝑙 is called 
the anisotropy of the metric.

• If we let 𝑤𝑙 → ∞ we converge to a 
sub-Riemannian manifold.  

• Why left-invariant…?

𝒢𝑝 ሶ𝑝, ሶ𝑝 = 𝑤𝑚
2 ሶ𝑥 ∙ 𝑛 2 + 𝑤𝑙

2 ሶ𝑥 ∧ 𝑛 2 + 𝑤𝑎
2 ሶ𝑛 2
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Visualization of the Metric on 𝕄2

• We can visualize the metric by 
plotting the Riemannian balls.
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𝐵𝑟 = {𝑝 ∈ 𝕄2 ∣ 𝑑𝒢 𝑝0, 𝑝 ≤ 𝑟}

𝑤𝑚 = 1, 𝑤𝑙 = 1, 𝑤𝑎 = 1 𝑤𝑚 = 1, 𝑤𝑙 = 2, 𝑤𝑎 = 1 𝑤𝑚 = 1, 𝑤𝑙 = 4, 𝑤𝑎 = 1



PDE-G-CNNs
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Advection/Convection

• Advection is defined by the following PDE.
• Takes care of transport/offsetting.
• If the vector field 𝑐 is left-invariant advection 

is equivariant.
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Diffusion

• Is defined by the following PDE.
• Regularizes.
• Solved by group convolution ∗ with the 

diffusion kernel 𝐾𝑡
𝛼.

• The diffusion kernel can be well-
approximated by a function of only 
distance from origin 𝑝0

• If the metric is left-invariant diffusion is 
equivariant.
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Dilation/Erosion

• Is defined by the following PDE.
• Is max/min pooling and activation.
• Is solved by morphological group 

convolution □ with morphological 
kernel 𝑘𝑡

𝛼.
• Kernel is only a function of distance.
• If the metric is left-invariant 

dilation/erosion is equivariant.
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Visualization of Dilation/Erosion on ℝ
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Visualization of the PDEs on ℝ2
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Visualization of the PDEs on 𝕄2
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PDE-G-CNNs

• The PDEs under consideration are all equivariant.
• This motivates the creation of so-called PDE-G-CNNs.
• Introduced by B.M.N. Smets et al. in the 2021 paper “PDE-based Group 

Equivariant Convolutional Neural Networks”.
• The parameters of PDE-G-CNNs are the metric parameters (𝑤𝑚, 𝑤𝑙 , 𝑤𝑎)

Analysis of (sub)Riemannian PDE-G-CNNs20



Analysis of (sub)Riemannian PDE-G-CNNs21

PDE Layer ℓ

P
re

vio
u

s Laye
r

N
e

xt Layer

⋮

Lin
ear

C
o

m
b

in
atio

n
s

(+b
atch

n
o

rm
alizatio

n
)

Initial conditions in Solutions at time 𝑇 out

Convection Dilation/ErosionDiffusion

PDE Unit 1

↻ 𝑁
Timestep

Convection Dilation/ErosionDiffusion

PDE Unit Mℓ

↻ 𝑁
Timestep

Image Orientation Scores Processed OSs Processed Image

Lifting 
layer

PDE Layers Projection 
layer

ℝ2ℝ2 𝕄2 𝕄2



Results of PDE-G-CNNs in Vessel Segmentation

CNN G-CNN PDE-G-CNN CNN G-CNN PDE-G-CNN



So Why PDE-G-CNNs?

• All the benefits of G-CNNs
• Considerably less parameters.
• Geometric interpretable parameters.
• No activation functions needed.
• No loss in accuracy.
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The Logarithmic Approximation
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Logarithmic Distance Approximation

• 𝑀 homogeneous space with Lie group 𝐺 and left-invariant metric 𝒢. 
Pick 𝑝0 ∈ 𝑀 , define projection 𝜋 𝑔 ≔ 𝑔 ⊳ 𝑝0. 
𝑑 𝑝 ≤ 𝜋∗ log 𝑔 𝒢 for any 𝑔 ∈ 𝐺 such that 𝑔 ⊳ 𝑝0 = 𝑝.

• Therefor logarithmic distance approximation:
 𝜌 𝑝 ≔ inf

𝑔∈𝐺𝑝

𝜋∗log 𝑔 𝒢.

• One has 𝑑 ≤ 𝜌. But how good is the approximation really?
• We approximate kernels:
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Logarithmic Coordinates on 𝑆𝐸 2

• Let 𝑔 = 𝑥, 𝑦, 𝜃 ∈ ℝ2 ×
[−𝜋, 𝜋), then its logarithm 
log 𝑔 is…

• Logarithmic distance 
approximation on 𝕄2 
becomes…
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log 𝑔 = log 𝑥, 𝑦, 𝜃 = 𝑐1𝐴1 + 𝑐2𝐴2 + 𝑐3𝐴3 ∈ 𝑇𝑒𝐺
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2
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2
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2

𝑐2 = −𝑥 sin
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2
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2
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𝜃

2

𝑐3 = 𝜃

𝜌 ≔ 𝑤𝑚𝑐1 2 + 𝑤𝑙𝑐2 2 + 𝑤𝑎𝑐3 2



How good are the 
Approximations?
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Symmetries of the (Approximative) Distance on 𝕄𝟐 

Theorem 1: The exact and approximative 
(sub)-Riemannian distances are invariant 
under all 𝜀𝑖  symmetries 

• In logarithmic coordinates these symmetries 
become more transparent.

• 𝜌 has the correct global symmetries!
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𝜌 ≔ 𝑤𝑚𝑐1 2 + 𝑤𝑙𝑐2 2 + 𝑤𝑎𝑐3 2



Visualization of the Symmetries
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Exact and Approximative Balls
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Sub-Riemannian Approximations

• To solve the bad behavior at high 
anisotropy we introduce two sub-
Riemannian approximations
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𝜌𝑠𝑟,1 ≔ 8𝑤𝑚𝑤𝑎 𝑐2 + 𝑤𝑚𝑐1 2 + (𝑤𝑎𝑐3)

𝜌𝑠𝑟,2 ≔
4

𝛽 𝑤𝑚𝑤𝑎𝑐2 2 + 𝑤𝑚𝑐1 2 + (𝑤𝑎𝑐3)
2



Exact and Approximative Balls Sub-Riemannian
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Quantitative Local Analysis

Theorem 2: locally around 𝑝0 we have that
 𝜌2 1 − 𝜀 ≤ 𝑑2 ≤ 𝜌2

ത𝑘𝑡
𝛼 ≥ 𝑘𝑡

𝛼 ≥ ത𝑘𝑡
𝛼 1 −

𝛼𝜀

2𝛼 − 1
+ 𝒪(𝜀2)

where

𝜀 ≤ 𝜌2
𝑤𝑚

2 − 𝑤𝑙
2 𝑀 + 𝑀2

12𝑤𝑚
2 𝑤𝑙

2𝑤𝑎
2 + 𝒪(𝜌2)

𝑀 = max{𝑤𝑚
2 , 𝑤𝑙

2}
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• For high anisotropy 
the error explodes. 

• For 𝑤𝑎 → 0 the error 
explodes

• For 𝑤𝑎 → ∞ the error 
goes to 0

• For low anisotropy 
and 𝑤𝑎 ≫ 𝑤𝑙  large 
accurate regions 



Conclusion
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Conclusion
• PDE-G-CNNs better than G-CNNs, which are better than CNNs.

• We have assessed the quality of the approximations used:

• The approximations have all the symmetries the exact distances have.
• Assessing the quality of the PDE-G-CNNs boils down to the quality of the 

approximative (sub)Riemannian distance.
• We found by asymptotic analysis of the relative error between the true and 

approximative distance conditions on the parameters.
• This improves upon results by Smets et al.

• First milestone almost done: JMIV paper and conference paper SSVM.
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Further Research

• Extension of PDE-G-CNN’s
• It is claimed our vision carries a Sub-Riemannian structure.
• Is the geometry of our vision the geometry for artificial vision?
• Riemannian vs. Sub-Riemannian PDE-G-CNNs?
• Inclusion of curvature (non-diagonal metric tensor field).

• Axiomatic approach for geometric deep learning.
• There are some preliminary ideas that force our choice of PDEs.
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Questions?
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